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Finite dimensional systems with random external fields and neutrino propagation
in fluctuating media
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We develop the general formalism for the study of neutrino propagation in the presence of stochastic media.
This formalism allows the systematic derivation of evolution equations for averaged quantities as survival
probabilities and higher order distribution moments. The formalism equally applies to any finite-dimensional
Schrödinger equation in the presence of a stochastic external field. New integrodifferential equations valid for
finite correlated processes are obtained for the first time. For the particular case of exponentially correlated
processes a second order ordinary equation is obtained. As a consequence, the Redfield equation valid for
Gaussian delta-correlated noise is rederived in a simple way: it has been obtained directly and as the zero-order
term of an asymptotic expansion in the inverse of the correlation length. The formalism, together with the
quantum correlation theorem is applied to the computation of higher moments and correlation functions of
practical interest in forthcoming high precision neutrino experiments. It is shown that equal and unequal time
correlators follow similar differential equations.@S0556-2821~99!05105-X#

PACS number~s!: 14.60.Pq, 02.50.Ey, 26.65.1t, 95.30.Cq
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I. INTRODUCTION

Neutrino oscillations in the presence of matter and m
netic fields have been an area of intense interest for a
time. In many astrophysical situations the matter den
and/or magnetic field may fluctuate around a mean value
some scenarios it is expected that these fluctuations are
strong, for example, when dealing with the magnetic fie
that the neutrino encounters while propagating in the conv
tive regions of the Sun.

The case of neutrino spin precession in a noisy magn
field with a d-correlated Gaussian distribution was initial
considered in Ref.@1# for neutrinos in vacuum. In Ref.@2#, a
differential equation~a Redfield equation! for the averaged
matrix density was derived for the case in which the rand
noise was taken to be again a delta-correlated Gaussian
tribution. Numerous works where approximate or numeri
approaches are used to study the implications of matter
dom perturbations upon the solar neutrino problem~SNP!,
supernova dynamics or others are available~among them
Refs. @3–9#, see the introduction in Refs.@2,7# for a more
extensive review!.

In this work we will develop the general formalism for th
study of neutrino propagation in the presence of stocha
media. This formalism will allow the systematic derivatio
of evolution equations for averaged quantities as surv
probabilities and higher order moments of them. New in
grodifferential equations valid for finite correlation process
are obtained for the first time. For exponentially correla
processes a second order ordinary equation is obtained
consequence. The Redfield equation valid for Gauss
delta-correlated noise is rederived in a simple way as a
ticular case: it can be obtained directly or as the zero-or
term of a asymptotic expansion in the inverse of the corre
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tion length. In the context of neutrino oscillations, it
shown that the presence of matter noise induces the app
ance of a effective complex part in the matter density. T
influence of the presence of magnetic field noise is, howe
of a qualitatively different, simpler nature. The range of v
lidity of the d-correlated model is checked in a realistic e
ample corresponding neutrino oscillations in random so
matter. Finally the formalism, together with the quantu
correlation theorem, will be applied to the problem of t
computation of distribution higher moments and non-equ
time correlation functions.

The formalism may be applied to any quantum syst
governed by similar Schro¨dinger equations: equations whe
a stochastic function appears multiplicatively in some par
the Hamiltonian. For simplicity of notation, in this work w
will always deal with Hamiltonians which are finite
dimensional operators in some Hilbert space, the equat
will be obviously of the same type for general systems
scribed by infinite-dimensional Hamiltonians.

II. THE GENERAL CASE

Let us consider a general system whose evolution is
scribed by the following linear random Schro¨dinger equa-
tion:

i ] tX5r~ t !L~ t !X, X~0!5X0 , ~1!

whereX is a vector~i.e., a multiflavor wave function! or a
matrix ~i.e., a density matrix! of arbitrary dimension. Equa
tion ~1! is defined in an interaction representation, any ad
tive nonstochastic term has been solved for and absorbe
the definitions ofX(t) and L(t). L(t) is a general linear
operator. It can be an ordinary matrix ifX represents a wave
function. If X is a density matrix,L(t) is a commutator:

LA~ t !X[@A~ t !,X#. ~2!
©1999 The American Physical Society01-1
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Any other linear operator is admissible: obviously it is a
ways possible to define an enlarged vector space where
action ofL is represented by a matrix.

We will assume thatr(t) in Eq. ~1! is a scalar Gaussia
process completely determined by its first two momen
which, without loss of generality can be taken as

^r~ t !&50, ^r~ t !r~ t8!&5 f ~ t,t8!. ~3!

In other terms,r(t) is characterized completely by the me
sure

@dr#exp2
1

2E2`

`

r~ t ! f 21~ t,t8!r~ t8!dtdt8. ~4!

An important particular case is when the process isd
correlated, the correlation function is then of the form

f ~ t,t8!5V2d~ ut2t8u!. ~5!

A convenient way of parametrizing a correlation functi
with a finite correlation length is to use an exponential fun
tion:

f ~ t,t8!5V2e exp~2eut2t8u!. ~6!

In this case the correlation length is defined ast51/e.
The expression~5! is reobtained lettingt→0 or e→` in Eq.
~6!.

X(t), the solution to Eq.~1!, is a stochastic function. Th
objective of this work is to obtain equations for its ensem
average and higher moments in a systematic way. Le
remark that for us Eq.~1! is purely phenomenological, w
assume that it is the result of a more complete microsco
analysis which can account for the randomness ofr(t) ~see,
for example, Refs.@7,10#!.

To obtain a differential equation for the average ofX we
make use of the following well known property. For an
Gaussian processr(t) characterized by ad-correlation func-
tion ~6! and any functionalF@r# we have the following re-
lation @11#:

^F@r#r~ t !&5V2K dF@r#

dr~ t ! L . ~7!

For a Gaussian process with an arbitrary correlation func
@Eq. ~4!# we have instead the general relation

^F@r#r~ t !&5E dt^r~ t !r~t!&K dF@r#

dr~t! L . ~8!

Let us consider now the evolution operatorU for a par-
ticular realization of Eq.~1!. By definition,

X~ t !5U~ t,t0!X0 . ~9!

The operatorU(t,t0) is a functional ofr, it has the follow-
ing formal expression in terms of a time ordered exponen

U~ t,t0!5T expS 2 i E
t0

t

r~t!L~t!dt D . ~10!
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The functional derivative ofU with respect tor(t) can be
computed by direct methods. By differentiating term by te
the series expansion for Eq.~10!, the result is

dU~ t,t0!

dr~t!
52 iL ~t!U~t,t0!, t,t,t0 . ~11!

In order to obtain a differential equation for^X& we ob-
serve that

i ^] tX&5 i ] t^X&5L~ t !^r~ t !X&. ~12!

Combining together Eqs.~8!,~9!,~11! we easily obtain the
result that the evolution equation for the ensemble averag
in the general case an integrodifferential equation given

i ] t^X~ t !&52 i E
0

t

dt8 f ~ t,t8!L~ t !L~ t8!^X~ t8!&,

^X~0!&5X0 . ~13!

This equation, which is exact and of very general validity,
the equation which we were looking for and one of the m
results of the present work. Note that previously integrod
ferential equations have been obtained, valid for particu
cases or in particular limits, using heuristicad hocarguments
~for example, in Ref.@9#!. The derivation of Eq.~13! which
has been done here is the rigorous justification for such
proaches.

In some notable cases Eq.~13! can be reduced to an or
dinary differential equation. In the next sections we will s
how it can be reduced to, respectively, first and second o
equations for the correlation functions given by Eqs.~5! and
~6!.

III. THE PARTICULAR d-CORRELATED CASE

For the particular case where the correlation function is
exponential type, a second order ordinary differential eq
tion can be obtained as we will see below. On the other ha
for the simplerd-correlated case the evolution equation~13!
becomes the ordinary differential equation

i ] t^X~ t !&52 iV2L2~ t !^X~ t !&. ~14!

Taking L as a commutator, this last equation coincides w
the Redfield equation derived by Ref.@2#. Note that the ef-
fective ‘‘Hamiltonian’’ appearing in the second part of E
~14! is not Hermitic anymore~an example of a fluctuation
dissipation effect!.

In cases of interest for the neutrino oscillation proble
the original equation for the density matrix is of the slight
simpler form

i ] tX5@H0~ t !1r~ t !g~ t !H1 ,X#, X~0!5X0 , ~15!

where we have written the commutator explicitly.r(t) is a
stochastic function as before andg(t) an arbitrary scalar
function. H0 ,H1 are Hamiltonian matrices, the former con
tains the average part ofr(t):H0[H08(t)1r0(t)H1 , with
r05^r&. The latter is assumed to be time independent.
1-2
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FINITE DIMENSIONAL SYSTEMS WITH RANDOM . . . PHYSICAL REVIEW D59 073001
For the problem described by Eq.~15! the corresponding
Redfield equation for the averaged density matrix is of
form

i ] t^X&5@H0~ t !,^X&#2 iV2g2~ t !@H1 ,@H1 ,^X&## ~16!

[H0
2^X&2^X&H0

112iV2g2~ t !H1^X&H1 ,
~17!

where in the last line the following effective Hamiltonian
were defined:

H0
65H06 ig2~ t !H1

2 .

The solution of what is called the ‘‘coherent’’ part of Eq
~17! ~two first terms of the Hamiltonian! is accomplished by
defining the average evolution operator:

^U6&5T expE dtH0
6~t!; ^U2&5^U1&†. ~18!

The coherent part of the density matrix is then

^X&coh5^U2&X0^U
1&†. ~19!

Defining a new ‘‘coherent’’ interaction representation by t
relations

HL5^U2&21H1^U
2&, HR5^U2&H1^U

2&21,

^X& I5^U2&^X&coĥ U2&21, ~20!

we arrive at the equation we were looking for, the resolut
of the original equation is equivalent to the resolution of t
following one:

i ] t^X& I52iV2g2~ t !HL^X& IHR . ~21!

There are some important particular cases where Eq.~14!
can be solved or considerably simplified by taking into a
count the algebraic properties of a specificL ~in what follows
k(t) is always a scalar function!.

~a! Let us assume thatL is such thatL2(t)5k(t)L(t).
This case appears in the computation of the average w
function with matter density noise. Equation~14! reduces to

i ] t^X&52 iV2k~ t !L~ t !^X&.

The averaged equation is similar to the original one, the n
random part of the density is ‘‘renormalized’’ acquiring a
imaginary term

r→r02 iV2k.

This is the density which will appear in the coherent effe
tive HamiltoniansH0

6 . This case was discussed already
Ref. @5#. Numerically, Enquist and Semikoz@3# saw that the
net effect on the averaged survival probability of the sa
system is a precession reduction, similar to the effect o
larger constant matter density. It can be argued@using Eqs.
~19!–~21!# that the complex renormalization defined befo
also appears, but this time approximately, if we try to co
pute the average density matrix. Under this perspective
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reduction in neutrino precession can be explained a
smoothening of the MSW resonance induced by the ima
nary term. It is expected from here thatd-correlated matter
noise only has importance if applied over a MSW resona
region.

~b! The case whereL2(t)5k(t)I with I the identity matrix
appears in the computation of the averaged neutrino w
function under noisy magnetic spin-flavor precession. T
resulting equation can trivially be integrated~to be compared
with the previous case!:

^X~ t !&5expF2V2E
0

t

dtk~t!GX0 .

The average wave oscillation is damped by a factor equ
lent to the one first calculated by Nicolaidis@1#. A similar
damping also appears when computing the average de
matrix from Eq. ~21!. From these differences of behavio
with respect to case~a! it is expected that the presence
magnetic field noise can have some influence even if app
far from any resonance region.

~c! The case whereL4(t)52k(t)L2(t) appears in the
computation of the average density matrix with matter d
sity or magnetic noise. We can obtain in this case the ‘‘co
servation law’’

@12V2k~ t !#L2~ t !] t^X~ t !&50.

L2(t) is not invertible because the operatorL(t) has a zero
eigenvalue. The previous expression has proved to be
practical importance in some concrete numerical applicati
@12–14#. The presence of zero eigenvalues distinguis
cases~a! and ~c! from ~b!; it can have consequences in th
long term behavior of the respective ensemble averages
is shown elsewhere@15#.

IV. AN ASYMPTOTIC EXPANSION
FOR EXPONENTIALLY CORRELATED SYSTEMS

We will see now how Eq.~14! can be obtained as a lim
iting case when the correlation length tends to zero. For
purpose we use an exponential correlation function as
~6!, the integrodifferential evolution equation becomes
this case

i ] t^X~ t !&52 iV2e exp~2et !E
0

t

dt8exp~et!L~ t !L~ t8!

3^X~ t8!&. ~22!

Let us compute the asymptotic expansion of the sec
term of Eq.~22! valid for largee; the following expansion is
valid for any functiong(t):

h~e![e exp~2et !E
0

t

dt exp~et!g~t!

;g~ t !2
g8~ t !

e
1

g9~ t !

e2
1•••. ~23!
1-3
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Inserting this expression into Eq.~22!, we obtain the follow-
ing expansion in powers ofe:

i ] t^X&52 iV2L2~ t !^X&1 i
V2

e
L~ t !] t~L~ t !^X&!1oS 1

e2D .

~24!

To leading order in 1/e, we recover the expression corr
sponding to thed-correlated case. At next-to-leading ord
we get finite-correlation correction terms

i ] t^X&52 iV2L2~ t !^X&1 i
V2

e
L~ t !L8~ t !^X&

1 i
V2

e
L2~ t !] t^X& ~25!

or, equivalently,

S 12
V2

e
L2~ t ! D ] t^X&5S 2V2L2~ t !1

V2

e
L~ t !L8~ t ! D ^X&.

~26!

Finally, we get the following differential equation valid t
order 1/e, making the assumption that the operator wh
multiplies the left term is invertible:

] t^X&5S 2V2L2~ t !1
V2

e
L~ t !L8~ t !1

V4

e
L4~ t ! D ^X&.

~27!

This equation can be used for finite, but relatively larg
correlation lengths. We see that, up to this degree of appr
mation, not only the ratio level of noise to correlation leng
(V2/e) is important. We have different regimes according
the value ofV2. The first term will be more important for a
low noise amplitude (V2!1). For strong noise (V2@1) the
second term, proportional in this case toL4, will dominate.

Previously we have pointed out that in the cases of in
est for neutrino oscillation problems the relationL4(t)
5k(t)L2(t) holds, withk(t) positive. If in addition the term
L8(t) can be neglected, as indeed happens in some o
sions, Eq.~27! becomes

] t^X&52V2S 12
V2

e
k~ t ! DL2~ t !^X&. ~28!

In this case, within this level of approximation, the net effe
of the presence of a finite correlation length is visible:
amounts to a rescaling and consequent reduction of the n
parameterV2.

V. AN EXACT DIFFERENTIAL EQUATION
FOR EXPONENTIALLY CORRELATED SYSTEMS

In contrast with the approximate approach used in
previous section, we can actually derive a simple, ordin
second order differential equation for the case of exponen
correlation. Let us assume that the original equation is of
07300
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same decomposable type as the one appearing in Eq.~15! but
include other cases using the general notation

i ] tX5@L0~ t !1r~ t !g~ t !L1#X, X~0!5X0 , ~29!

with L0 ,L1 general linear operators as before, the latter ti
independent. In this case Eq.~13! is of the form

i ] t^X&5L0~ t !^X&2 iV2eL1
2e2etg~ t !

3E
0

t

dt8g~ t8!eet8^X~ t8!&. ~30!

Differentiating the equation once and performing som
simple algebra we obtain the following ordinary second
der differential equation:

@] t2l~ t !#@ i ] t2L0~ t !#^X&52 iV2eg2~ t !L1
2^X&,

i ~] t^X&!05L~0!^X&0 , ^X&05X0 , ~31!

with

l~ t ![2e1g8~ t !/g~ t !.

Let us remark that this equation is exact and probably
most important result of this work from a practical point
view.

A numerical example. As an illustration and for the sak
of comparison between the finite andd-correlated cases, we
have solved Eqs.~14! and ~31! for a particular example: a
two-flavor ultrarelativistic neutrino system oscillating in th
presence of solar matter with a random density perturba
~complete results and discussion will appear elsewhere@15#!.
The functiong(t) is in this case proportional to the sola
electron density profile and can be approximated rather w
by an exponential function~notation and details about gen
eral neutrino oscillations can be found in Ref.@2#, for ex-
ample!.

The results of numerical calculations are shown in Fi
1,2. In Fig. 1~a! we observe the typical structure of the sol
Mikheyev-Smirnov-Wolfenstein~MSW! resonance as a
function of the neutrino energy and how this resonance
modified by the presence of thed-correlated chaotic field.
For better comparison, we have preferred here to show
results as a function of a redefined dimensionless ‘‘no
intensity’’ parameterV2. In Figs. 1~b!–1~d! we consider the
effect of a finite correlation length, we can observe that
effects on the depth and structure of the MSW resonance
largely the same as before for a large variety of combinati
of ‘‘noise intensities’’ and correlation lengths (1/e). Figures
1~a! and 1~b!, corresponding to a strong ‘‘noise intensity
V25100%, can be compared directly. Figures 1~c! and 1~d!
can be compared with Fig. 1~a! after some parameter resca
ing.

The dependence with the correlation length is shown
plicitly in Fig. 2 for fixed oscillation parameters. The ne
trino energy is in this case at the center of the resona
region and approximately corresponds to a neutrino osc
tion length of 3.13103 Km, or 831023 times the distance
over the which the noise is acting. The same basic expon
1-4
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FIG. 1. Neutrino oscillations in presence of random solar matter. Averaged survival probability, at Earth, as a function ofDm2/2E. ~a!
d correlated case:f (t)5V2(1/e)d(t), @see Eq.~14!, note the different parameter notation#. ~b!–~d! Finite correlation:f (t)5V2exp(2et)
@see Eq.~31!#. The neutrino, created atr'0.4R( as a purene , propagates radially outwards. The distance over which the chaotic fie
acting is'0.6R( or '4003103 km, significantly larger than any of the correlation lengths used in plots~b!–~d!. The flavor mixing angle
is sin22u50.05.
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tial correlation is used in Figs. 2~a! and 2~b!, however, the
differences between them illustrates the importance of de
ing appropiately the meaning of the parameters appearin
the correlation function. Figure 2~a! intends to show the evo
lution towards the limitingd case ase increases directly. The
broad range of validity of Eq.~14!, considered as an approx
mation to the more realistic Eq.~31! is apparent here. After a
relatively narrow transition region, for larger, but in fact n
so large,e ~a correlation length approximately equal to t
full distance where the noise is acting! the probability tends
to a constant; the one which is obtained from Eq.~14! @com-
pare the values of the probability at the left end of the pl
with those of Fig.~1~a!#.

The conclusion is that, at least for the example in cons
eration, thed-correlated noise is a good model even for ‘‘n
so small’’ correlation lengths. The use of a different para
etrization in Fig. 2~b! has as a consequence that the noise
case, instead of thed-correlated case, is reached now fore
→`. These results should be compared with the appro
mate ‘‘cell’’ calculations presented in Ref.@16#. In such an
approach the averaged probability is computed by dir
‘‘Monte Carlo’’ methods. In order to simulate a finite corre
lation length a step function correlation is used:f (t)5Cte
for t,L0 , zero otherwise. The discrepancy at largeL0(e
→0) between the results presented here and those pres
in Ref. @16# ~Fig. 1! is obvious and should be taken in
account.
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VI. HIGHER ORDER MOMENTS AND THE QUANTUM
REGRESSION THEOREM

Second order distribution moments, expressions of
type ^XiXj&, or in general, moments of any order, can al
be computed using equations similar to Eq.~13!. The
straightforward procedure is to define productsXi j •••k
5XiXj•••Xk and write differential equations for them usin
the constitutive equations for each of theXi . The resulting
equations are of the same type as Eq.~1!. The similarity is
obvious when one adopts a tensorial notation and defi
products of the formX(n)5X^ •••^ X. The task of obtain-
ing evolution equations is especially simple within this no
tion.

Correlators of quantities at different times also appear
the computation of averages of quantities of physical int
est, i.e., expected signal rates. In the most simple case
pressions of the typêXi(t1t)Xj (t)&. We will shortly show
that the knowledge of equal-time moments and the appl
tion of the quantum correlation theorem is sufficient for t
computation of this kind of correlators.

The expected signal rate in a given experiment avera
over a finite range of energy and time can be described
general by a simplified expression of the form

N5E
DE,Dt

dEdtf~E!P~E;t !. ~32!

The functionf(E) is the experimental effective flux, th
1-5
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FIG. 2. The neutrino survival probability is plotted as a function of the correlation length[1/e ~in 1000 km units!. Two slightly
parametrizations of the exponential correlation function are used@see Eq.~31!, note the difference of meaning of the parameterV2 in both
cases#: ~a! f (t)5V2e exp(2et), ~b! f (t)5V2exp(2et). The parameterDm2/2E56.3 1028 eV2/MeV is sitting at the center of the reso
nance region. Horizontal continuous line: noiseless case.
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original neutrino flux, the experimental detection and ge
metrical efficiencies, and cross sections are included the
A hidden dependence, potentially relevant, onE0 ,t0 , the
central points of the integration intervals, is understood.

For a fluctuating survival probabilityP(E;t), N is itself
a random non-Gaussian variable. The averaged signal is
ply computed from the integral of the averaged probabil
The second moment of theN distribution or more compli-
cated energy or time correlations, i.e., averages of the ty

^N~E08 ,t08!N~E0 ,t0!&

are all of the same form, schematically,

^N2&5E
DE,Dt

dE1,2dt1,2f~E1!f~E2!^P~E1 ,t1!P~E2 ,t2!&.

~33!

Our objective now is the computation of the correlati
function appearing in the integrand of Eq.~33! in two steps.
First we define the generalized density matrixX(2) as the
tensorial product of usual density matrices at two differ
times and energies:

X~2!~E1 ,E2 ;t1 ,t2![X~E1 ,t1! ^ X~E2 ,t2!. ~34!
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The average of the element^X1111
(2) &5^X11X11& is evidently

the probability correlation function we are looking for.
The differential equation for the equal time functio

X(2)(E1 ,E2 ;t,t) is obtained from the individual evolution
equations for the matricesX1,2[X(E1,2) @indices~1,2! label
expressions whereE1 ,E2 appear, respectively#

] tX
~2!5H1X~2!1X~2!H2[rLX~2!. ~35!

Equation~35! is a random linear differential equation, linea
in the stochastic variabler(t). Applying the formalism de-
veloped in the previous section, we can inmediately write
equation for the ensemble average^X(2)& @Eqs. ~13!–~14!#.
Once we know the equal time correlator, we obtain the
pression for any other pair (t,t8) using the quantum regres
sion theorem@17# which reads as follows. For any vecto
Markov processY, if the ensemble average ofY fulfills a
Schrödinger-like equation of the type

] t^Y~ t !&5G~ t !^Y~ t !&, ~36!

with G(t) an arbitrary matrix, then the second order corre
tions will obey the following equation:

]t^Yi~ t1t!Yl~ t !&5(
j

Gi j ~t!^Yj~ t1t!Yl~ t !&. ~37!
1-6
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Note that the quantum regression theorem is in princ
not applicable to systems described by the integral equa
~13!. Nevertheless it is applicable to problems where the
tegral equation can be reduced to an ordinary differen
equation such as as Eq.~31!. Such a second order equatio
can easily be expressed as a first order one by defining
auxiliary pair processY5(X,] tX).

For the simplest case wherer is ad correlated process th
equation for unequal time correlators is explicitly given b

i ]t^X
~2!~ t1t,t !&52 iV2L2~t!^X~2!~ t1t,t !&. ~38!

The initial conditionX(2)(t,t) is the equal time correlato
previously obtained. For exponentially correlated proble
second order equations similar to Eq.~31! can immediately
be obtained.

VII. CONCLUSIONS AND FINAL REMARKS

In conclusion, in this work we have developed the gene
formalism for the study of neutrino propagation in stochas
media. This formalism has allowed the systematic derivat
of evolution equations for averaged quantities as surv
probabilities and higher order moments of them. New in
grodifferential equations valid for finite correlation process
have been obtained for the first time. For exponentially c
related processes a second order ordinary equation is
tained as a consequence. The Redfield equation valid
Gaussian delta-correlated noise is rederived in a simple w
it has been obtained directly and as the zero-order term
asymptotic expansion in the inverse of the correlation leng

In the context of neutrino oscillations, it has been sho
that the presence of matter noise induces the appearance
effective complex part in the matter density. The influence
the presence of magnetic field noise is, however, of a qu
tatively different, simpler nature. The wide range of valid
,

le,
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of the d-correlated model has been checked in a reali
example corresponding neutrino oscillations in random so
matter. Finally, the formalism together with the quantu
correlation theorem has been used to obtain equations
higher distribution moments and nonequal time correlat
functions.

The formalism can be generalized in an obvious way
obtain the ensemble average of equations of a slightly m
general type than Eq.~1!, equations of the form

i ] tX5(
i

r i~ t !Li~ t !X, X~0!5X0 . ~39!

These equations appear, for example, in the chaotic neu
magnetic precession. The result for the case where ther i are
d correlated in time but mutually uncorrelated is simply

i ] t^X~ t !&52 i(
i

V i
2Li

2~ t !^X~ t !&. ~40!

The generalization to continuous Schro¨dinger equations in
the presence of random potentials or random external fo
is also obvious if we leave aside the mathematical diff
ences coming from the appearance of infinite-dimensio
Hilbert spaces. The formalism is of general application
any quantum system governed by similar Schro¨dinger equa-
tions: equations where a stochastic function appears mult
catively in some term of the Hamiltonian.
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